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An algorithm is given for the calculation of the wave functions (to within ~1077)
and the separation constants A,(k, R) (to within ~10-1!) of the continuum of the two-
center problem with Coulomb interaction. The phases 4,,,(k, R) of the solutions to the
radial equation are found as functions of the momentum k and the intercenter spacing R.
The constructed angular &,,(n; k, R) and radial I71,/(¢; k, R) Coulomb spheroidal
functions are a natural generalization of the Coulomb functions Fi(y, kr) of the one-
center problem.

INTRODUCTION

The wave functions of the continuum for the two-center problem are necessary
for the solution of various quantum mechanical problems: scattering of electrons
on two Coulomb centers [1], photoionization of molecules [2], three-body problem
with Coulomb interaction [3], etc.

The wave functions of the continuum for the two-center problem with charges
Z, = Z, = 1 were first found by Bates et al. [2]. The scattering on two Coulomb
centers with different charges Z, == Z, was considered by Shimizu [4], who also
tabulated the eigenvalues of the angular equation for certain values of the param-
eters of the problem.

The present paper contains a description of the algorithm for the calculation
of the eigenvalues of A,,(k, R) of the angular equation and the wave functions
bmo(§, 1, v; k, R) of the continuum of the two-center problem. This paper is
a direct continuation of the studies of [S] dealing with the calculation of the
eigenvalues and the wave functions of the discrete spectrum of the two-center
problem. The routine is written in Fortran-4 as applied to the computer CDC-6200.

The wave functions @y(r; R) of the continuum of the two-center problem are
defined as solutions to the Schrédinger equation

(~ 34— 2 = 2) 4yt B — Ebutrs R, 1)
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where r, and r, are the distances of a negative particle (electron) from positive
charges (nuclei) Z; and Z, spaced from each other by R, and E, = k%2 is the
energy of the electron in a state with momentum k.

In spheroidal coordinates

€ = (r, + r)/R, n = (r, — ry)/R, Py )
the solution ¢, (r; R) is represented in the form of the product of the functions

¢k(r; R) = ¢mq(§’ n, P k7 R)
+img
= ma(k> R) qu(f; k’ R) qu(’?; ks R) ém (3)
where m = | m | is an integer, and ¢ is equal to the number of zeros of the function
&.a(n; k, R) in the interval (—1, 1).
We call the functions IT,,(€; k, R) and F,,,(%; k, R) radial and angular Coulomb
spheroidal functions (by analogy with the Coulomb functions Fi(y, kr) of the
one-center problem [6]. They are defined as regular solutions of the equations

T A GRRI V p]

2
[+ 1) o - me_—l] II,.(& k, R) = 0,
(42)
Iqu(l; k’ R)' < o0, qu(fa k’ R) ——fj;) 05 1 < f < 0,
d d -
(= g Fudns K R
2
t+ [Ana + X1 = ) + by — 7] Enalni ks R) = 0,
K (4b)

P Ep 1L Kk, R <0, —1<n9<L

The notation is as follows.

a=R(Zy+Z), b=RZ —2Z) c=kR2=R2QEN: (4)

The normalization N,,(k, R) is determined by the condition

J dr ¢:’(r; R) d’k(r; R) = j‘ dr ¢‘:r<t'q'(§’ 7 @5 k', R) d’ma({:, 7 P; k, R)

(5)
= 5mvn'8q¢1'8(k — k),
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where

[ ar =) ["ag [ o [ dgter — . ©

The solution of Egs. (4) can be considered as a generalization of certain special
functions. In particular, for @ = b = 0, Eqs. (4) turn into the ones for prolate
sheroidal functions [7], for ¢ = b = 0, Eq. (4b) turns into the equation for the
associated Legendre polynomial, and for ¢ — 0, a — 0, a/2c — const., Eq. (4a)
turns into the equation determining the Coulomb functions [6].

In the general case ¢ 5 0, a 5 0, b = 0, little is known about the solutions of
Egs. (4), and the algorithms for their numerical finding are not sufficiently well
developed.

On the complex plane z, Eqs. (4) are identical and differ only by the domain of
definition of the solutions. The solutions u(z) of Eqgs. (4) are analytic functions
on the z-plane with the cut joining the singular points of the equation: two regular
(z = +1) and one irregular (z = o). The indices of the regular points z = +1
are +m/2 and the regular solutions in their vicinity behave like

uz) ~ (1 — 23, z—> 4,
the asymptotic of the singular solutions for z— 41 is of the form

u(z) ~ In{l — z?), for m=20,

u(z) ~ (1 — z%)—m/72, for m = 0.
The asymptotic behavior in the irregular point z = oo is of the form
u(z) ~ (1/2){ti(cz — (b{2c) In 2cz)}, zZ— oo,
For ¢ = 0, b # 0, the point z = oo remains irregular:

u(z) ~ z73/4 exp{+-2(—bz)*}.

CALCULATION OF THE EIGENVALUES A, (k, R)

The eigenvalues A = A,,,(k, R) are found from the angular solution of Eq. (4b)
and depend on the discrete set of the quantum numbers (m, g) =0, 1, 2,... and
the two continuous parameters 0 <C k << oo and 0 << R < 0. To calculate them,
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the solution of the Sturm-Liouville problem (4b) is sought in the form of a series

B ky B = 7% Y dk, R) P(m),  dy =0, dy=1,(7)

8=0

where P™,.(n) are the associated Legendre polynomials defined by the Rodrigues
formula [7]. Inserting the expansion (7) in Eq. (4b) leads to three-term recurrent
relations for the coefficients d,

pedsyy — xsds + 8y = 0, (8)
where
ps = (s -+ 2m =+ D[b — 2ic(s + m + D)/[2(s + m) + 3],
Ky = —A+ (s + m)(s + m—+ 1), 9
8, = s[b + 2ic(s + m)l/[2(s + m) — 1].

The eigenvalues A = A,,,(k, R) are the roots of the transcendent equation y(d) = 0,
the left-hand side of which can be represented as an infinite chain fraction [5]

3
YO =y~ B2 pid, (10)

Ky —

The function y(}) is real since it depends on «, and p,8,,; alone.

To find the roots of the equation y(A), we have used the Newton-Raphson
method realized in the program with double accuracy. As an initial approximation
for the eigenvalues A, (k, R), the following expansion is used.

2 — m)B® + 4ctl)
2001 + D2l — 1)

[( + 1D — m?[b6® + 4c*(l -+ 1)7]
00+ D@+1DR+3

Mty R) = I + 1) —

+ (1)

which follows from Egs. (10) in the limit R — 0. For other calculation details,
see [5].

For the majority of physical applications, it is sufficient to know the A,.(k, R)
values within a relative accuracy e ~ 10~% — 10-19. Thus, the number of the
terms of the chain fraction (10) does not exceed 100, while the time of calculation
of A (k, R) in the interval R = 0.025 (0.025) 20 for fixed m, ¢, and k is about
15 min. Figure 1 gives the results of calculations of A,,.(k, R) for different sets of
m, ¢, and k in the case Z; = 1 and Z, = 2.
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Amg (kR

3
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Fic. 1. The dependencies A, (k, R) on R at fixed values of k and different sets of quantum
numbers: (1) m =0, =0, m=0,9g=1;83m=0,g=2;4)m=1,qg=1 At R—0,
gk, R) =1 + 1).

CALCULATION OF THE FUNCTIONS 5, (n; k, R)

The algorithm of calculation of the angular Coulomb spheroidal functions of
the discrete spectrum of the two-center problem suggested in [5] is not efficient
in the case of the continuum since at R > 1, the appropriate series representing
the functions =, (; k, R) converges very slowly. For example, in the expansion (7),
at ¢ ~ 10, d, ~ 500 already for s ~ 20, and the coefficients d, change their sign
and increase rapidly in absolute value. Therefore, it is better to find the functions
Ed(n; k, R) by a direct integration of Eq. (4b) using, near the singular points
n = 41, suitable expansions. For example, near n ~ —1

Emg(n; b, ) = (L — q)m2 § d(1 + n)3, (12)

§=0
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where the coefficients d, are found from the four-term recurrent relations
psas‘f-l + qsas + rsas—l _I— ts‘_ls—z = 0; (13)

in this case, d_, = d_; = 0, d, = 1.
The following notation is introduced.

Ps=2As + (s +m+ 1),
g = —[=A + b+ mim + 1) + s(s + 2m + 1)),

14
re=2c*+ b, (14)

t, = —c.

To ensure a relative accuracy of calculation of the functions e ~ 107, it is sufficient
to take sy = 4, 1 + » = 10-% and the integration step 4n = 22, The normaliza-
tion of the solutions naturally can be determined by the relation

1
f_l B (0; Ky R) Epms by R) dy = 8 . (15)

Em (?,k,R) ZOZ('Z; k,R)

2 R=01

Zoo (75 kR) | . R0t
|

FiG. 2(a, b, ¢). The angular Coulomb spheroidal functions Z,.(7; k, R) normalized by (15)
at fixed values k, R, m, q; Z, = 1, Z, = 2.
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When R — 0, Eq. (4b) turns to the equation for the associated Legendre poly-
nomials P,_..(n). Thus, the following relation (/ = m + g) takes place.

Eurs 00 = [P (] P (16)

from which the sign of the functions Z,,,(n; k, R) is determined. Figs. 2a-2c give
the functions =, ,(n; k, R) normalized by condition (15) for different k and R
and for different sets of quantum numbers m and gq.

| Mg (0B)

Fic. 3. The functions A,0, b) at different sets of quantum numbers m and gq.

! }\mq(c,m

Fic. 4. Eigenvalues of A,(c, b) as a function of the parameter ¢ at fixed values b, m, and gq.
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The Sturm-Liouviiie probiem can be considered independentiy of the initial
three-dimensional problem. In this case, the eigenvalues A, (k, R) = A, (c, b) are
functions of the parameters ¢ and b. For b = 0, Eq. (4b) turns to the equation
for prolate spheroidal functions [7] and its solutions coincide with the spheroidal
functions S,,;(c, 9).

In the inverse extreme case, ¢ — 0, b % 0, the solutions of Eq. (4b) are used to
express the wave functions of the electron in the finite dipole field [8]. Figure 3
gives the A,,(c, b) values for ¢ = 0 as functions of the parameter 5. Figure 4 also
gives the A,,,(c, b) values as functions of the parameter ¢ for different » and different
sets of the quantum numbers m and gq.

CALCULATION OF THE Functions I1,,,(£; k, R)

Two linearly independent solutions of Eq. (4a) can be presented as follows

(t=¢§&-—1).

ITDEE k, R) = (€2 — 1y™2 F(r), (17a)
ITE8(E; k, R) = (82 — 1) G(1), (17b)

where F(t) = F(t, 0). The function F(t, m) obeys the equation

(t+2F +2m-+ D+ DF + [ Q2+ a)t +a -+ mim + 1) — AJF =0,

(18)
and for r < 1, it is defined by the series
Fit,v) = 3 g 17, (19)
§=0
the coefficients of which satisfy the four-term recurrent relation
Ps8ei1 + q:8s + Tsgor + 1802 =0, (20)
g—Z = g—l = 0’ gO = ]7 (203)
Ps=2wv+s+ D +s+m-+1),
Ge=@W+8)v+s+2m+1)— AL+ a-+ mm-+1), @1
Fo = 2¢% -+ a,
i, = c2

%

The nonregular solution is determined by the function F(r, v) with the aid of the
formulas: For m - 0,

G(t) = @/ + m) F(t, V)]l . (22a)
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Form =0,
G(t) = F(t)Int + (8/ov) F(t, v)l,—o (22b)

The derivatives 8F(t, v)/dv are calculated with the account of Egs. (19)-(21) as
well as the conditions 8g_,/0v = dg_,/dv = Ogyfov = 0.

Using the representation (22) and the expansion (19) at the singular point ¢t = 0,
both solutions (17) of Eq. (4a) are found by means of direct integration. To ensure
a relative accuracy of the calculation of the functions, € ~ 1077, it is sufficient
to choose s, =4 and ¢ = 10~% and the step of integration 4¢ = 0.002/c and
4§ = 0.02/c. In integrating Eq. (4a), the Numerov method was used [10] which
is more effective than the Runge-Kutta method. The sign of the functions
IT,. (¢ k, R) is determined from the requirement for them to be positive at £ — 1.

The normalization is fixed by the asymptotic behavior of the solution at ¢£ > 1:

<8—DHMahm:A-mﬂv+i&@w]

. exp [—i (af + 2%111 2ct — ’; L Ama)]g. (23)

Here, 4,,, = 4,.(k, R) is the phase of the radial Coulomb spheroidal function
that is analogous to the Coulomb phase o, = arg I'(l -+ 1 — iy), y = Z/k in the
scattering on the Coulomb attraction potential —Z/k. The following limiting
relations take place.

Aok, 0) = o, = arg I'(/ 4+ 1 ~ iy), v=af2c, l=m+q. (24)

The coefficients g, of the expansion (23) satisfy the six-term recurrent relation
(y = a/2c)
25 + 1) gosy + [s(s + 1) — A — y* +i@2s + Nyl g,

+ 26y — i2(s — Dl gsa

F =25 - D —2)+ A+ 1 —m?+ 292 —i2(2s — 3yl g.—s

+ 2¢[—y +i(s — 3)]1 &8ss

+ s —3)s —4) — ¥+ i2s — Nyl gey = 0. (25)
The normalization A and the phase 4,,, are found from the condition of sewing
the asymptotics of the solution (23) and its derivative at a point £€*> 1 with
the solution IT,,(¢; k, R) and its derivative (8/8§) IT,,(¢; k, R) found in the

numerical integration of Eq. (4a). In order to ensure a relative accuracy e ~ 107,
when calculating 4 and 4,,,, it is sufficient to put s, ~ 10 for

cf* = 50 [ A+ 2],
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Within the limit R — 0, the two-center problem turns to a one-center problem
with charge Z = Z, + Z,, and Eq. (4a), after a scale transformation r = R{/2,
turns to an equation defining the Coulomb functions Fy(y, kr) and Gy(y, kr) [6].
In this case, the wave function é,,,(£, 3, @; k, R), normalized by the condition (5),
transforms to a normalized solution i, (r) of the one-center problem [11]

Pram(®) = Qfm)'* (1/r) Fi(y, kr) Yim(8, @), (26)

where R{/2 — r, p — cos 6 and Y,,,(0, ¢) is the Legendre spherical function.
By comparing the asymptotic of the functions

Fily, kr) ~ sin[kr + y In 2kr — (tn/2) + o] @7)

with the expansion (23), we find that 4 = 1. For such a choice of 4, the normaliza-
tion coefficient N, (k, R) of the solution (3) is

Npg = C/RY2/m) 1. (28)

This result follows immediately from the comparison of expressions (3) and (26),
taking into account relations (15), (16), (23), and (27).

Another derivation of the expression for N,, is given in the paper by Bates
et al. [2]. Figures 5a~5c give the regular solution IT,,.,(§; k, R) normalized by the

Moo (¢ k,R)

Fic. 5(a, b,c). The radial Coulomb spheroidal functions IL,(¢; k, R) normalized by the
asymptotic condition IZ,.(¢; k, R) — (1/¢) sin(cé + (a/2¢) In 2c¢ — (In/2) + 4,,) at fixed values
k, R and different sets mand q; Z, = 1, Z, = 2.
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FiG. 6. The phases of solutions of the radial equation 4,,, = 4,.(k, R) as a function of R
at different values of k. When R — 0 4,,, coincides with the Coulomb phase of one-center problem
with the charge Z = Z, + Z,: 4,,(k, 0 = arg I'(l + 1 — (Z, + Z)/k).

condition A = 1 for different £ and R and different sets of m and ¢. Figure 6 also
gives the phases 4,,,(k, R) as functions of the intercenter spacing R for different
k-, g-, and m-values.

The cross sections for scattering of electrons on two Coulomb centers [1] are
expressed in terms of these phases.

CHECKING OF THE ACCURACY OF CALCULATIONS

For an additional verification of the accuracy of calculations, the eigenvalues
of A,(c, b) were compared with the analytic expressions A,,,(0, b) that are known
for definite values (e.8., Ay(0, b = 1.27863) = 1.

The criterion of the accuracy of calculation of the raditional functions was the
condition of constancy of the Wronskian

W = I1,,(8G,,,/0€) — Gpno(8l1,,,/0¢) = const., (29)
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where I1,,, and G,,, are defined by the relations
I, = (& — W ILZKE; K, R),
qu = ({_’l - 1)1/2 Hflnr;eg(g; k’ R)

(30)

Condition (29) was satisfied in the calculations with a relative accuracy € < 10-7.
To verify the accuracy of calculations the number of the terms of the sums s, in
expansions (12), (19), and (23), and the quantity c£* were varied. The values of
these quantities given in this paper ensure the relative accuracy of calculation of
the wave functions € ~ 107

The accuracy of calculation of the angular functions =Z,,(y; k, R) at kR < 5
was verified by comparing the values obtained as a result of integration of Eq. (4b)
with the values given by the expansion

Ea(n; k, R) = (1 — p?ym/2 eicQzm) 3 (1 £ p)s. 31

While for kR > 5 near n ~ 1, the logarithmic derivatives obtained by the integra-
tion of Eq. (4b) using the expansion (12) and those that follow from the expansion
(12) after the replacement y — —» were compared.

For a global checking of the solutions constructed, the orthogonality condition

[ d7 $ualé, 1, 95 Ky R) Fran(, 1, 95 B) = 0, (32)

is used, where ¥yi.(€, 7, @; R) is the wave function of the discrete spectrum of
the two-center problem calculated earlier in [5]. The condition (32) was fulfilled
in our calculations within an accuracy € ~ 10-7.

Note Added in Proof. Reference [12], which contains similar results, appeared while this paper
was in press.
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